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Three-Dimensional Temporal Instability of Compressible
Gas Jets Injected in Liquids
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A temporallinear stability analysis was conducted to study the growth rates of three-dimensional disturbances on
a compressible inviscid gas jet injected into an incompressible viscous liquid coflow in the absence of gravitational
effects. The primary parameters that governed the growth rates of the disturbances were the gas Weber number,
Mach number, Ohnsorge number, density ratio, and velocity ratio. As the Mach number was increased, the range
of unstable wave numbers and the growth rates of the unstable modes were increased. Also, the maximum growth
rate was shifted to larger wave numbers (smaller wavelengths). The disturbance velocities were small, on the order
of the coflowing liquid velocity. The growth rates and range of unstable wave numbers were reduced as the liquid
coflow was increased. With an increase in liquid viscosity, the growth rates were reduced and the maximum growth
rates were shifted to longer wavelengths. A reduction in the ratio of the liquid density to the mean gas density
resulted in an increase in the growth rates of the unstable disturbances and the disturbance velocities.

Nomenclature

gas jet radius

speed of sound

nth-order modified Bessel function of the first kind
= nth-order modified Bessel function of the second kind
= wave number

= Mach number

= nondimensional wave number, ka

= nondimensional g, ga

= number representing the azimuthal mode

= pressure

= variable, \/[k* + (o + ikU,)? /c?]

= radial distance

= nondimensionals, sa

= variable, /[k* + p;(w + ikU;) /]

= time

= mean velocity of the fluid

= disturbed velocity

= gas Weber number, p,U;a /o

= Ohnsorge number, 1; /+/(0;a0)

= axial distance

= disturbance amplitude

= azimuthal angle

= dynamic viscosity

= density ratio, p; /o,

= mean gas density

= liquid density

surface tension

shear stress

= nondimensional wave frequency, w+/(p,a* /o)
= wave frequency
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Subscripts

g = gas property

[ = liquid property
lim = limiting value

I. Introduction

HE injectionof gas jets into liquidsis used in a number of prac-
tical applications, such as nuclear reactors, oxygenators, coal
and mineral purifiers,' and the process of forming liquid shells.? The
breakup of the gas jets and the resulting formation of gas bubbles
play a vital role in these applications. In the past, a number of stud-
ies have focused on the breakup of liquid jets injected into gases;
reviews are provided by Lefebvre,’ Chigier and Reitz,* and Lin.> A
few studies have been undertaken to investigate the stability char-
acteristics of liquid layers adjacent to high-speed subsonic, super-
sonic, and sonic gas streams for cooling applicationsin atmospheric
re-entry vehicles ® 8 However, the instability characteristicsof com-
pressiblegas jets injectedinto liquidshave notbeen studied in detail.
Li and Bhunia® studied the temporal instability of plane incom-
pressible gas sheets in a viscous liquid medium. Their results indi-
cated that sinuous and varicose disturbances were unstable; surface
tension reduced the growth rate, whereas the relative velocity be-
tween the gas and liquid and the gas density enhanced the growth
rate of the disturbances. Also, the wave propagation velocity was
much smaller than the gas velocity, implying that the disturbances
were almost stationary and not the traveling-wave type. Radwan'?
considered the instability of a hollow incompressible gas jet with
effects of surface tension and fluid inertia, neglecting the liquid vis-
cosity; the gas inertia was found to have a destabilizing influence.
Zhou and Lin!!-!2 studied the absolute/convective instability of an
inviscid,compressibleliquidjetinjectedinto a stationary,compress-
ible, inviscid gas. It was assumed that the varicose mode was the
fastest-growing disturbance. The growth rate and the range of un-
stable disturbances for the varicose mode were increased with an
increasein the compressibility of the jet and ambient fluid; also, the
compressibility of the ambient gas promoted absolute instability, as
opposed to the compressibility of the liquid jet.

The objective of this investigation was to study the instability
characteristics of a compressible gas jet injected into a coflowing
viscous liquid medium, neglecting the effects of gravity. A linear
temporal instability analysis, along the lines of Ref. 10, is used to
document the wave growth rate as a function of wave number for
a number of conditions. The details of the analysis are presented
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first, followed by a discussion of the results and a summary of
conclusions.

II. Linear Stability Analysis

Consider a gas jet injected at uniform velocity U, from a round
nozzle of radius a into an infinite viscous incompressible liquid
medium that is moving at a uniform velocity U;; the force due to the
pressure difference between the gas and liquid balances the surface
tension force. A sharp velocity discontinuity is assumed at r =a.
There is no heat or mass transfer between the liquid and gas. Grav-
itational effects are neglected. In addition, the gas is considered
inviscid; the neglect of gas viscosity is based on the results from
previous studies!*!* of liquid sheet/jet breakup that effects of gas
viscosity were small and did not significantly alter the instability
characteristics.

A cylindricalcoordinatesystem (z, r, 6) with the originlocated at
the nozzle exit and the positive z coordinate coincident with the jet
centerline is used in the analysis. Small perturbations to the liquid
and gas velocities, pressures, and gas density represented by u;, u,,
D1, Pg, and p, are considered; the perturbed gas-liquid interface is
represented by 1. The linearized mass and momentum equations
governing the disturbance velocities and pressures for the liquid are
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The boundary conditions are linearized and appliedat r = a. The
kinematic boundary condition for the gas and liquid is

0 0
ul.gr:<8t—i_ljl58 > (4)

The dynamic boundary conditionsinvolve the balance of tangential
and normal stresses. They are
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Also, symmetry conditions must be satisfied at »r =0; the distur-
bances must decay as r — 00.
We assume that the disturbancesare in the form of normal modes

[”l.g;pl.g;r)] = [ulo.go (r);plo.go(r);r)o] exp[wt + l(kZ + l’le)] (8)

The frequency w is complex, with the real part w, denoting the
growthrate of the disturbanceand the imaginary part w; proportional
to the disturbance frequency. The disturbanceswith n = 0 represent
varicose waves, whereas those with n = 1 are sinuous waves. Ellip-
tical cross sections are obtained for n = 2. For n > 3, deformations
occur in both the axial and circumferential directions, and the dis-
turbances grow on the jet surface.

The solutions of Egs. (1) in the form given by Eq. (8) are

u;, = [ikB, K, (kr) + B,K, (sr)] explwt + i(kz + no)]
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where B;, B, and B; are integration constants with appropriate
dimensions and K, (y) =dK, (y)/dy.

For the gas, the change in pressure can be related to the change
in density as

9P _ 2 (10)
0pg

The dot product of the gradientoperator with Eq. (3) gives
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which when combined with continuity equation (2) results in
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Using Eq. (10), Eq. (12) is rewritten as
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The normal mode form of the solutions to Egs. (2) and (13) is
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where A is an integration constant with appropriate dimension and
I(y) = dI,(»)/dy.

The constants A, By, B,, and Bj are evaluated using boundary
conditions (4-6). The normal stress balance (7) then yields the fol-
lowing dispersion relation:
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where
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Note that for small Mach numbers m, ~m and Eq. (15) reduces
to the dispersion relation governing the growth of instabilities in
incompressiblegas jets injected into liquids, given by Parthasarathy
and Chiang." In particular, for the varicose mode (n = 0), Eq. (15)
reduces to

2 m IO(mq) K (m) 2 12 _ Kl/(m)
T my) Koty 2 T 24P Q‘[l Ko<m>]
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(25)

Before one solves the dispersionrelations, it is of interestto com-
pute the limiting wave number. An analysis of Eq. (25) indicates
that the wave velocity is on the order of the coflowing liquid veloc-
ity in the absence of liquid viscous effects and is unaltered by gas
compressibilityeffects.!® The limiting wave number for the varicose
mode is governed by the relation

2' _11 Miim U, z
m“mthm_zu - Weg<1 _ _l> (26)
Miim IO(mlimq) U,
where
min, =min {1 = Ma’[1 — (U/ U} Q@7

For large gas injection velocities, corresponding to large We,, the
Bessel functions can be replaced by their asymptotic values, and we
get

_ 2
- We,[1—(U;/U,)] 28)
\/1 — Ma*[1 - (U,/U,))?

Thus, we see that the limiting wave number is increased from its
value for the corresponding incompressible gas jet (Ma =0), in-
dicating that gas compressibility increases the range of unstable
disturbances.

Equation (15) is solved using Muller’s'” method to document
the wave growth rate as a function of wave number for given
p,We,,Z, Ma, and U;/U,. The solution is considered converged
when the difference in the solution between successive iterations is
less than 10~°. Also, it was verified that the results corresponding
to Ma =0 were identical to those of Parthasarathy and Chiang."
At supersonic gas injection speeds, the presence of a shock wave at
the injector exit must be considered, which is beyond the scope
of the present study. Therefore we consider cases with Ma < 1
here.

III. Results

When the Mach number is small, the solutions of Eq. (15) cor-
respond to the instability of an incompressible gas injected into a
viscous liquid. Therefore, the case of Ma = 0.1 is considered first.
The growth rates of various azimuthal modes, n =0, 1,2, and 3,
are presented in Fig. 1 for the conditions p = 1000, Z =0.001, and
U,/ U, =0 for different gas Weber numbers (different gas injection
velocities). These values of density ratio and Ohnsorge number are
typical of air jets injected into water. It is observed that both the
growth rates and the range of unstable wave numbers are increased
with an increase in gas Weber number, highlighting the destabiliz-
ing role played by the gas injection velocity. The growth rate of the
sinuous mode (n = 1) is slightly smaller than that of the varicose
mode for small Weber numbers; the growth rate becomes compara-
ble to that of the varicose mode as the Weber number is increased.
The azimuthal mode corresponding to n =2 has a much smaller
growth rate than that of the varicose and sinuous modes at We, =5;
however, the growth rate increases dramatically and becomes com-
parable to that of the varicose and sinuous modes at We, =40. A
similar trend is observed in Fig. 1 for the n =3 mode. This mode
is stable at We, =5 and becomes unstable only for We, > 6; the
growth rate of this mode is the smallest of the growth rates of all
of the modes at We, =10. For We, =40, the growth rate of this
mode is only slightly smaller than the growth rate of the varicose
and sinuous modes. It is also observedthat, whereas the varicose and
sinuous modes are unstable to very-long-wavelength disturbances
(correspondingto m =0), the modes n =2 and 3 are unstableto dis-
turbances of finite wavelengths only. A comparison of these results
with those of Parthasarathy and Chiang'’ indicates that there is very
little difference in the instability characteristics of the gas jet with
Ma =0.1 compared with an incompressiblejet.

To highlight the effects of gas compressibility, the dispersion re-
lation was solved for two values of Mach number: 0.5 and 0.8. The
growth rates of the various azimuthal modes for Ma = 0.8 are pre-
sented in Fig. 2; the other conditions were kept identical to those
of Fig. 1. It is seen that the maximum growth rate and the range of
unstable wave numbers are increased with an increase in the Mach
number for all of the Weber numbers considered. For example, at a
gas Weber number of 10, the maximum growth rate of the varicose
mode is increased from 0.46 to 0.8 when the Mach number is in-
creased from 0.1 to 0.8. Similarly, for the n = 3 mode, the maximum
growth rate doubles with an increase in Mach number from 0.1 to
0.8. The wave number corresponding to the maximum growth rate
is also increased with increasing gas compressibility effects. For a
gas Weber number of 10, the maximum growth rate of the varicose
mode occurs at a wave number of 6.8 at Ma =0.1, which is in-
creased to 12 at Ma =0.8. Similar observations are made for the
otherazimuthalmodes overtherange of Weber numbersconsidered.
An increase in Mach number causes an increase in the gas pressure
disturbance and the disturbance velocities that promote the growth
of instabilities. Note that this is in contrast to the results of Zhou
and Lin,'? who found that increasing the compressibility of a liquid
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Fig. 1 Growth rates of the various azimuthal modes at different
Weber numbers and small compressibility effects (Ma =0.1, p=1000,
Z=0.001, and U,/U, =0).
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Fig. 2 Growth rates of the various azimuthal modes at different We-
ber numbers and significant compressibility effects (Ma = 0.8, p =1000,
Z=0.001,and U,/U, =0).

Growth Rate, Q) p

‘Wavenumber, m

Fig.3 Growth rates of the various azimuthal modes at different Mach
numbers for fixed Weber number (We, =40, p=1000, Z=0.001, and
U/Ug =0).
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Fig. 4 Wave velocities of the various azimuthal modes at different
Mach numbers (We, =40, p=1000, Z = 0.001, and U;/U, =0).

jet injected into a gas caused a reduction in the growth rate of the
varicose mode; the range of unstable wave numbers was, however,
increased.

A comparisonof the growth rates of the various azimuthal modes
for different Mach numbers is provided in Fig. 3 for We, =40,
p=1000, Z=0.001, and U,/ U, = 0. The effects of gas compress-
ibility are clearly highlighted. Whereas there is no significant differ-
ence between the growth rates of the various azimuthal modes at the
same Mach number, an increase in gas compressibility results in a
significant increase in the growth rates of the instabilities and shifts
the maximum growth rate to larger wave numbers (smaller wave-
lengths). The wave velocities of the various azimuthal modes under
these conditionsare displayedin Fig. 4. The normalized disturbance
velocity for the varicose mode begins at 1 for disturbances of very
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Fig. 5a Effect of velocity ratio on the growth rates at low Mach num-
ber (Ma=0.1, We, =40, p=1000, and Z=0.001): a) U,/U, =0, b)
U/Uy =0.2,and ¢) U)/U, =0.5.
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Fig. 5b Effect of velocity ratio on the growth rates with significant
compressibility effects (Ma = 0.8, We, =40, p =1000, and Z = 0.001): a)
U/Uy =0,b) Uj/Ug =0.2, and ¢) U,/U, = 0.5.

long wavelengths and falls to a small value at finite wavelengths.
An increase in the Mach number results in an increase in the dis-
turbance velocity. The wave velocities of the n =1, 2, 3 azimuthal
modes remain small throughoutthe range of unstable wavelengths.
It can be shown that the wave velocities are close to the coflowing
liquid velocity.'® Thus, these disturbances will appear stationary in
a coordinate system moving with the liquid. Similar observations
were made by Li and Bhunia’ in the analysis of temporal insta-
bility of gas sheets injected into stationary liquids; it was found
that the wave velocity was small compared with the injected gas
velocity.

The effects of the coflowing liquid velocity on the instability
characteristics are highlightedin Figs. 5a and 5b. The growth rates
are plotted for We, =40, p = 1000, Z =0.001,and U, /U, =0, 0.2,
and 0.5, with Ma = 0.1 (Fig. 5a) and 0.8 (Fig. 5b). Both the growth
rates and the range of unstable wave numbers are reduced with an
increase in the liquid coflow velocity. Also, the maximum growth
rate is shifted to smaller wave numbers (or longer wavelengths).
Anincreasein the liquid velocity results in a lower relative velocity,
leadingto a reductionin the destabilization. A comparison of the re-
sults for Ma = 0.8 with those for Ma = (.1 indicatestwo interesting
results. First, the difference in the growth rates between the various
azimuthal modes n =0, 1, 2, and 3 is reduced at the higher Mach
number for all liquid coflow velocities. Thus, the compressibility
of the gas jet leads to the instability of the jet to three-dimensional
disturbancesfor all of the liquid coflow conditions considered here.
Second, the effects of compressibility are significantly higher for
small coflow velocities. Going from Ma = 0.1 to 0.8, the increase
in the maximum growth rate is marginal for U;/U, =0.2 and 0.5,
whereas it becomes dramatic (more than doubled) for U,/Ug =0.
Thus, under conditions when a significant liquid coflow is present,
anincreasein the compressibilityof the gasjet does not significantly
improve its instability characteristics.

The influence of liquid viscosity on the growth rates of the unsta-
ble disturbancesis seen in Figs. 6a and 6b. Here the growth rates are
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Fig.6a Variation of growth rates with Ohnsorge number at low Mach
number (Ma =0.1, We, =40, p=1000, and U;/U, =0).
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Fig.6b Variation of growth rates with Ohnsorge number at conditions
with significant compressible effects (Ma = 0.8, We, = 40, p =1000, and
U,/Ug =0).
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Fig.7 Growth rates of the varicose mode at different Mach numbers
and low density ratio (Weg, =40, p=10,Z =0.001, and U;/U, =0).

plottedfor We, =40, p =1000,U,; /U, =0,and Z = 0.001,0.1, and
1, with Ma =0.1 (Fig. 6a) and 0.8 (Fig. 6b). An increase in liquid
viscosityresults in a decreasein the growth rates and the shifting of
the maximum growth rates to smaller wave numbers (longer wave-
lengths). The range of unstable wave numbers remains unaltered.
This is because an increase in the liquid viscosity causes an in-
crease in the liquid normal stress [Eq. (7)] that resists the growth
of the disturbance, thus promoting the stability of the gas jet. We
see that the changes resulting from the increase in liquid viscosity
are comparable at Ma =0.1 and 0.8. Note that at Ma =0.1 and
Z =0.1 the sinuous disturbance has a slightly higher growth rate
than the varicose disturbance. Thus, depending on the liquid vis-
cosity, the sinuous disturbance rather than the varicose disturbance
may be the fastest-growing disturbance. However, at Ma = 0.8, the
varicose disturbance remains the fastest-growing disturbance at all
values of Z under these conditions.

Finally, the influence of the density ratio is illustrated in Fig. 7.
The growth rates of the varicose mode are presented for We, =40,
Z=0.001, U;/U, =0, and p =10, 100, and 1000. A decrease in
the density ratio is equivalent to a decrease in the liquid density
and, therefore, the liquid pressure disturbance, which promotes the
growth of disturbances. Thus, as the density ratio is decreased, the
growth rates are increased (comparing Fig. 7 with Fig. 3); however,
the range of unstable wave numbers remains unaltered. The wave
number corresponding to the maximum growth rate is now shifted
to lower values, indicating that the maximum growth rate occurs at
longer wavelengths with a decrease in the density ratio. It is also
observed that the effects of gas compressibility are not significant
at a small density ratio; the maximum growth rate and the wave
number corresponding to the maximum growth rate are increased
only by 35 and 50%, respectively, as the Mach number is increased
from 0.1 to 0.8 at p =10.

IV. Conclusions

In summary, a temporal linear stability analysis was conducted
to study the growth rates of three-dimensional disturbances on a
compressibleinviscidgasjetinjectedinto an incompressibleviscous
liquid coflow in the absence of gravitational effects. The primary
parameters that governed the growth rates of the disturbances were
the gas Weber number, Mach number, Ohnsorge number, density
ratio, and velocity ratio. For small Mach numbers, only the varicose
mode was unstableat low Weber numbers; as the gas Weber number
was increased, higher-orderazimuthalmodes became unstable, with
growth rates comparableto those of the varicose mode. As the Mach
number was increased, the range of unstable wave numbers and
the growth rates of the unstable modes were increased. Also, the
maximum growth rate was shifted to larger wave numbers. Thus,
the breakupof gasjetsinjectedinto liquids can be significantly aided
by injecting at speeds when compressibility effects are important.
At these high injection speeds, the higher-order azimuthal modes
become unstable, causing the jet breakup to occur on the surface
rather than as a whole jet.

The disturbance velocities were small, on the order of the coflow-
ing liquid velocity. Thus, the disturbances on the gas jet would ap-
pear stationary in a coordinate system moving with the liquid. An
increasein the liquid coflow velocity caused a decrease in the range
of unstable wave numbers and the growth rates and a shifting of the
maximum growthrate to smaller wave numbers. The liquid viscosity
played a significant role in the growth of instabilities. The growth
rates were reduced, and the maximum growth rate was shifted to
smaller wave numbers as the liquid viscosity was increased. The
range of unstable wave numbers, however, remained unchanged.
Depending on the liquid viscosity, under certain conditions, the sin-
uous disturbancemightbe the fastest-growingdisturbance.The ratio
ofliquid density to mean gas density was anotherimportant variable.
A reduction in the liquid density greatly increased the growth rates
of the unstable disturbances while maintaining the same range of
unstable wave numbers. Unfortunately, only limited experimental
measurements exist on the breakup of gas jets injected into liquids.
The authors are not aware of any experiments with compressible
gas jets with which to compare the present results.
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